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Abstract

The use of multiple input-multiple output (MIMO) technology
is rapidly becoming the new frontier of wireless communica-
tion systems increasing their capacity and spectral efficiency.
In order to validate this technology from an implementation
point of view, field-programmable gate arrays (FPGAs), with
their high level of parallelism, high densities and embedded
multipliers, are a suitable platform for the study and prototy-
ping of MIMO algorithms. This paper presents an FPGA im-
plementation of the sphere decoder (SD) for MIMO detection.
This algorithm provides optimal maximum likelihood (ML)
performance with reduced complexity, compared to the max-
imum likelihood detector (MLD).

1 Introduction

In the last seven years, the use of multiple input-multiple output
(MIMO) technology in wireless links has been extensively stu-
died, mostly from a theoretical point of view, showing that
significant capacity increases could be achieved under certain
conditions by using multiple antennas at both transmitter and
receiver [5]. For the uncoded MIMO case, the sphere decoder
(SD) is widely considered the most promising approach to ob-
tain optimal maximum likelihood (ML) performance with re-
duced complexity [12, 3].

Nowadays, the prototyping of those multiple-antenna sys-
tems has become increasingly important to verify the enhance-
ments advanced by analytical results [9, 8]. However, in most
cases, the target platform is rarely used as feedback to inves-
tigate ways of optimizing the algorithm. The main aim of our
rapid prototyping approach is to speed up the initial implemen-
tation of the SD to be able to study possible optimizations from
an algorithmic point of view using the real-time prototype.

Although application-specific integrated circuit (ASIC) im-
plementations of the SD exist [2], this paper presents what, to
the best of our knowledge, is the first FPGA implementation of
the SD using a rapid prototyping methodology.

2 Sphere Decoder (SD)

2.1 MIMO System Model

The system model considered hasM transmit andN receive
antennas, withN ≥ M , denoted asMxN . The transmitted
symbols are taken independently from a quadrature amplitude
modulation (QAM) constellation ofP points. The receivedN -
vector, using matrix notation, is given by

r = Hs + n (1)

wheres = (s1, s2, ..., sM )T denotes the vector of transmit-
ted symbols with E[|si|2] = 1/M , n = (n1, n2, ..., nN )T

is the vector of independent and identically distributed (i.i.d.)
complex Gaussian noise samples with varianceσ2 = N0 and
r = (r1, r2, ..., rN )T is the vector of received symbols.H de-
notes theNxM channel matrix wherehij is the complex trans-
fer function from transmitterj to receiveri. The entries ofH
are modelled as i.i.d. Rayleigh fading with E[|hij |2] = 1 and
are perfectly estimated at the receiver.

2.2 SD Algorithm

The complex version of the SD [7] is used, given that, com-
pared to the real version, it has a speed advantage and results
in a more efficient hardware implementation [2]. The main
idea behind the SD is to reduce the computational complexity
of the MLD by searching over only those noiseless received
points (defined asHs) that lie within a hypersphere of radius
R around the received signalr. This process can be written as

ŝml = arg{min
s
‖U(s− ŝ)‖2 ≤ R2} (2)

whereU is anMxM upper triangular matrix, with entries de-
noteduij , obtained through Cholesky decomposition of the
Gram matrixG = HHH and ŝ = H†r is the unconstrained
ML estimate ofs whereH† = (HHH)−1HH is the pseudoin-
verse ofH.

The solution of the sphere constraint (SC) in (2) can be ob-
tained recursively using a tree search algorithm, starting from
i = M and working backwards untili = 1. For each level, the
constellation pointssi that satisfy

|si − zi|2 ≤ Ti

u2
ii

(3)
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Fig. 1. Rapid prototyping methodology

are selected as partial ML candidates, where

zi = ŝi −
M∑

j=i+1

uij

uii
(sj − ŝj) (4)

and

Ti = R2 −
M∑

j=i+1

u2
jj |sj − zj |2 . (5)

When a new point is found inside the hypersphere (ati = 1)
the radius is updated with the new minimum Euclidean distance
and the algorithm continues the search with the new SC. This
process can be seen as a tree search throughM levels where
each level containsP nodes and each node hasP branches.
The leaves at the bottom (i = 1) correspond to all possible vec-
tor symbolss with their associated Euclidean distance. When,
in any level i,Ti ≤ 0, the accumulated (squared) Euclidean
distance (AED) from the root to that node has exceeded the
SC and the entire branch plus all its descendants can be dis-
carded, yielding a speed increase compared to an exhaustive
search. The search finishes when the radius has been reduced
so that no more points are found that satisfy the SC: the last
point found satisfying the SC is the ML solution̂sml.

Two factors are important in order to achieve the speed in-
crease of the SD:

• The initial radius,R, is chosen according to the noise
variance per antenna,σ2, so that the probability of not
finding a point inside the hypersphere is negligible.

• The points that satisfy (3) are searched according to in-
creasing distance tozi, following the Schnorr-Euchner
(SE) enumeration [10], reducing the number of opera-
tions required to find the ML solution.

Recently, different alternatives have been proposed to fur-
ther reduce the complexity of the tree search in the SD by pre-
processing the channel matrix [3]. Among them, the methods
that perform an ordering of the columns of the channel ma-
trix using the vertical Bell Labs layered space time (VBLAST)
architecture combined with the zero forcing (ZF) [14] or the
minimum mean-square error (MMSE) [4] criterion are of spe-
cial interest from an implementation point of view.
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Fig. 2. Hardware-in-the-loop MIMO system diagram

3 Rapid Prototyping System

The rapid prototyping system used has the simplicity and, at
the same time, the flexibility required to move quickly from
a computer-based implementation of an algorithm to its real-
time implementation. As opposed to previous prototyping ap-
proaches, the focus of our approach is on the analysis of the
MIMO algorithm.

3.1 Hardware Platform

The FPGA platform has been provided by Alpha Data Ltd. [1],
the company that partially sponsors this work. It consists of an
ADC-PMC peripheral component interconnect (PCI) adapter
board that hosts two FPGA boards: an ADM-XRC-II with a
Xilinx Virtex-II (XC2V4000) and an ADM-XP with a Xilinx
Virtex-II-Pro (XC2VP70), both with external SRAM memory
for data storage.

3.2 Rapid Prototyping Methodology

The rapid prototyping methodology selected is based on The
Mathwork’s MATLAB and Simulink [11] and Xilinx’s DSP
System Generator [15] tailored to Alpha Data’s FPGA boards.
Fig. 1 shows the methodology used for the rapid prototyping of
the SD.

Initially, MATLAB is used to implement a complete MIMO
system including transmitter, channel simulator and receiver.
The SD is then implemented on the FPGA using the DSP Sys-
tem Generator. The tool is embedded in Simulink and provides
different blocks to perform basic mathematical and bit opera-
tions that can be directly mapped on the FPGA for real-time
execution.

The development of the FPGA model is embedded in a
Simulink testbench that facilitates the debugging of the SD in
the development stage, with the possibility of monitoring every
signal in the FPGA model.

The SD design is then synthesized for the FPGA using Xi-
linx synthesis tools. This hardware design and a Simulink-
based memory interface are integrated into the MATLAB sys-
tem as shown in Fig. 2. This rapid prototyping methodology
allows us to quickly implement the SD on an FPGA and per-
form real-time hardware-in-the-loop testing of the algorithm.
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4 FPGA Implementation

The FPGA implementation of the SD is based on the fact that
(3) can be rewritten as

Di = di + Di+1 ≤ R2 (6)

where

Di+1 =
M∑

j=i+1

u2
jj |sj − zj |2 (7)

can be seen as an AED down to levelj = i+1 with DM+1 = 0
and

di = u2
ii|si − zi|2 (8)

can be seen as the partial (squared) Euclidean distance (PED)
contribution from leveli. Therefore, on each leveli, the value
Di is calculated to obtain which pointssi are selected to con-
tinue the tree search. One alternative to implement (6) is to
calculate theP differentdi in parallel (for thesi points belon-
ging to theP -QAM constellation), add them toDi+1 and check
which ones satisfy the SC. For higher order constellations, this
computationally expensive approach could be simplified using
a method presented in [7] to directly enumerate the points that
satisfy (3) and reduce the number ofdi calculations.

The complete tree search performed by the FPGA imple-
mentation of the SD is described below (starting fromi = M ):

1. A set ofP valuesDi is calculated. The minimum of
these values is obtained, representing the first point in
the SE enumeration for that leveli.

2. The rest of thesi and their associatedDi are saved in in-
creasing order into a partial candidates memory for level
i, in case they need to be visited later in the detection
process.

3. The minimumDi obtained in step 1) is checked against
the SC:

a) If Di ≤ R2 andi 6= 1, goto step 1) withi ← i− 1.

b) If Di ≤ R2 and i = 1, a new solution has been
found.R2 ← D1 and goto step 4).

c) If Di > R2 andi 6= M , goto step 4).

d) If Di > R2 andi = M , goto step 5).

4. The candidates memory from previous levels (icand =
i + 1, . . . ,M ) is searched to obtain the partial candi-
date withDicand

≤ R2 closer to completion (i.e. lower
icand). If a partial candidate is found, the detection pro-
cess continues, goto step 1) withi ← icand − 1. If no
candidate is found, goto step 5).

5. The detection process has finished and the last solution
found is the ML solution.

From an algorithmic point of view, this implementation of
the SD guarantees that no node in the tree is evaluated twice
and that, in every loop of the algorithm from step 1) to step 5),
a new node in the tree is evaluated. This minimizes the number
of steps required in the tree search.

4.1 SD Architecture

Fig. 3 shows the block diagram of the FPGA implementation
of the SD where the only blocks left out are the input and out-
put memories used for synchronization with the Simulink en-
vironment. The function of the different blocks of the design is
described below.

Internal Memory: This block contains intermediate me-
mory to store the received symbolsr, the entries of the pseudo-
inverse of the channel matrix,H†, the entries of the Cholesky
decomposition of the Gram matrix,U, and the initial squared
radiusR2.

Zero Forcing Unit (ZFU): This block performs the ZF equa-
lization to obtain̂s = H†r every time a new MIMO symbol



needs to be detected. This is performed in parallel with the de-
tection of the previous MIMO symbol in order to reduce the
latency and increase the overall throughput of the system.

Partial Distance Unit (PDU): This block performs the two
tasks of step 1). It calculates the valuesDi for each leveli.
Given thatDi+1 is an input to the block, the process is reduced
to obtaining theP differentdi that can be written as

di = u2
ii

∣∣∣si − ŝi +
M∑

j=i+1

uij

uii
(sj − ŝj)

∣∣∣
2

. (9)

As noted in [2], if we define

a = si , b = −ŝi +
M∑

j=i+1

uij

uii
(sj − ŝj) , (10)

the expression in (9) can be rewritten as

di = u2
ii

(|a|2 + 2<(b∗a) + |b|2) (11)

where the number of operations required to calculate (11) can
be reduced taking into account thata = si corresponds to the
points of theP -QAM constellation. In particular, for the case
of 16-QAM, the term|a|2 can only have three different va-
lues that can be precalculated and stored as constants. In addi-
tion, the 16 different combinations of<(b∗a) can be obtained
through

<(b∗a) = ±<(b) · {1, 3} ± =(b) · {1, 3} (12)

where only two real multiplications are required. Therefore,
the most computationally intensive parts are the calculation of
b and |b|2. In addition, this block searches for the minimum
value ofDi representing the first point in the SE enumeration.

Partial Candidates Unit (PCU): This block stores the dis-
tancesDicand

obtained in the PDU for levelsicand = 2, . . . , M .
In total, (M −1) × P values are stored. In an intermediate
step, the block performs the SE of the candidates for each level
icand. This is done by searching always for the minium dis-
tanceDicand

of the points that have not been previously visited
by the tree search. The resultingM−1 values are stored in an
intermediate cache memory.

This block also obtains the next candidatesnext that needs
to be searched among the values stored in the cache memory.
The selected value must satisfy the SC and be the one closer to
completion (i.e. lowericand > i). This process corresponds to
step 4).

Sphere Constraint Unit (SCU): This block checks if the
AED Di of the pointsi obtained in the PDU satisfies the SC.
Depending on the result of this check and the current leveli,
this unit selects between the pointsi and the candidatesnext

from the PCU as the next input for the PDU. Additionally, it
indicates the control unit (CU) which level needs to be detected
next.

Control Unit (CU): This block is responsible for the tran-
sition between the levels. It reads the channel coefficients (H†

andU) that are required in every iteration. In addition, it con-
trols in which point of the detection process the SD is, synchro-
nizing the other blocks appropriately.

SCU

CU

PDUi SCU
PCUi+1

CU

ZFU
DU

i=M i=M-1

t

PDUi

Fig. 4. FPGA time diagram of the SD

Demapper Unit (DU): This block performs the P-QAM
demapping of the ML solution̂sml.

4.2 SD Scheduling

From a hardware point of view, the SD makes use of the inhe-
rent parallelism of the FPGA platform. The independent parts
of the algorithm have been scheduled to run in parallel, there-
fore reducing the number of blocks that form part of the critical
path. This reduction in the critical path results in an increase in
the overall throughput of the system.

Fig. 4 shows the time diagram of the SD algorithm on the
FPGA. The diagram represents two iterations of the SD, for
i = M andi = M − 1, showing when the different blocks are
active. The light grey rectangles represent the blocks that are
executed in every iteration of the SD. On the other hand, the
dark grey rectangles represent the blocks that are not executed
in every iteration of the SD, resulting in partially used hardware
resources. Finally, the white spaces represent unused hardware
resources1.

It can be seen that the two most computationally intensive
blocks, PDU and PCU, can be pipelined with one iteration-
delay. While the PDU is calculating the AEDs for leveli, the
PCU obtains the SE enumeration of the candidates from level
i + 1. Wheni = M , the PCU is not executed, indicated by a
dark grey rectangle with no label on it.

The ZFU is executed only wheni = M and extends into
the following iteration. It precalculateŝs for the next MIMO
symbol to be detected. The DU is only executed when a solu-
tion has been found and the detection process for the MIMO
symbol has finised (i.e.i = M and the next MIMO symbol
starts to be detected).

The critical path of the algorithm is formed by the PDU
and the SCU, directly determining the throughput of the sys-
tem. The white spaces and the dark grey blocks in the diagram
indicate a suboptimum use of the FPGA resources available.
This is due to the interdependency between the different blocks
that makes difficult the process of mapping the SD into a high
throughput, highly-pipelined implementation. In addition, the
light grey blocks contain sequential subblocks that can not be
fully pipelined, also representing a suboptimum use of the re-
sources.

1The term “unused or partially used hardware resources” means that a part
of the design is running but processing data not relevant for the detection
process, therefore representing a suboptimum use of the resources.



5 Results

The SD has been implemented for a4x4 system using 16-
QAM modulation. The FPGA design has been integrated into
the MATLAB system model in order to perform hardware co-
simulation of the algorithm and compare the real-time fixed-
point performance with the floating-point MATLAB one.

5.1 FPGA Resource Use

The resource use of the parallel implementation of 4 SDs on
the Xilinx Virtex-II-Pro FPGA board is summarized in Table 1.
The integration of the 4 SDs uses approximately half of the
FPGA resources making intensive use of the RAM memory
blocks. The number of memory blocks used is due to the in-
put and output buffers defined on the FPGA to synchronize the
FPGA board with the Simulink interface and the internal me-
mory requirements of the SD.

The number of multipliers can be used as an indicator of
the computational complexity of the algorithm. Each single SD
uses 39 embedded multipliers: 16 multipliers in the ZFU and
23 multipliers in the PDU. It should be noted that the number
of multipliers could be reduced by reusing the multipliers when
they are idle. In addition, an approximation of the Euclidean
metric like the Manhattan distance could be used in order to
reduce the number of multipliers in the PDU at the cost of a
performance degradation [2].

The percentage of slices used can be seen as an indicator of
the amount of control logic and intermediate buffers required
in the SD. It should be noted that each slice contains two flip-
flops and two look-up tables (LUTs) and that, looking at their
percentage of use, we can see that a high percentage of the
slices are only partially used. However, the high percentage
usage of LUTs gives an idea of theirregularities of the SD,
factor that affects its mapping on hardware and the resulting
throughput.

5.2 Performance Results

The bit error ratio (BER) performance of the SD has been eva-
luated in real-time using 10,000 channel realizations with 200
symbols transmitted in every channel realization. and is shown
in Fig. 5. The pseudoinverse and Cholesky decomposition of
the channel are calculated offline in MATLAB. The input va-
lues to the SD are quantized using 16 bits per real component.
The initial radius is set to the end of the scale to always find a
point inside the hypersphere.

It can be seen that the FPGA performance approximately
matches that of MATLAB, a difference only appears for high
signal to noise ratio (SNR) due to the quantization process.
The SD on the FPGA has also been simulated using VBLAST-
ZF and VBLAST-MMSE channel matrix ordering. In floating-
point, both offer a reduction in complexity, although the latter
incurs in a slight performance degradation [3]. The channel or-
dering is performed offline in MATLAB. The aforementioned
performane degradation is only noticeable at low to medium

XC2VP70 Use Percentage

Number of slices 21,467 / 33,088 64%

Number of flip-flops 17,691 / 66,176 26%

Number of 4-input LUTs 36,249 / 66,176 54%

Number of multipliers 156 / 328 47%

Number of block RAM 183 / 328 55%

Table 1. FPGA resource use of 4-SDs
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Fig. 5. BER performance of the SD in MATLAB and on the
FPGA as a function of the SNR per bit.

SNR. At high SNR however, the performance is actually im-
proved, showing that the VBLAST-MMSE ordering results in
a more robust SD implementation for the same fixed-point pre-
cision. Simulation results have shown that the SD fixed-point
performance with VBLAST-ZF ordering is similar to that of
the SD with no ordering.

Fig. 6 shows the average throughput of the SD for diffe-
rent channel matrix orderings. The throughput in megabits per
second (Mbps) is calculated according to

Qavg = 4 ·M · log2 P · fclock /Cavg (Mbps) (13)

wherefclock is the clock frequency of the design in MHz and
Cavg is the average number of clock cycles required to detect
a MIMO symbol. For this design,fclock = 50 MHz and the
minimum number of cycles isCmin = 25 resulting in a maxi-
mum throughputQmax = 128 Mbps. Increasing the clock fre-
quency would not result in a direct increment in the through-
put because the average number of cycles required for detec-
tion would also increase. Therefore, the quotientfclock /Cavg

could be seen as an indicator of the level of optimization of the
hardware design.

The results in Fig. 6 show that the throughput of the SD
is not constant and depends on the noise level and also the
channel conditions. The two ordering alternatives considered
increase the throughput especially for low SNR. These orde-
ring methods would cause an increase in complexity in the re-
ceiver although it could be considered negligible for packet-



0 5 10 15 20 25 30
0

20

40

60

80

100

120

140
M = N = 4, 16−QAM, SD

E
b
/N

0
 (dB)

A
ve

ra
ge

 th
ro

ug
hp

ut
 (

M
bp

s)

MATLAB (No ordering)
FPGA (No ordering)
FPGA (VBLAST−ZF ordering)
FPGA (VBLAST−MMSE ordering)

Fig. 6. Average throughput of the SD with different orderings
of the channel matrix as a function of the SNR per bit.

SD FPGA ASIC 1 [2] ASIC 2 [2]

MIMO system 4x4 4x4 4x4

Modulation 16-QAM 16-QAM 16-QAM

Granularity 4-SD Single-SD Single-SD

BER perfomance ML ML close to ML

fclock (MHz) 50 51 71

Qavg (Mbps) at
114.5 126 253

Eb/N0 = 20dB

Table 2. Comparison of real-time SD implementations

based communications where the ordering is only performed
once per frame. In particular, VBLAST-MMSE ordering pro-
vides the largest throughput increase though it should be no-
ted that this method requires an estimate of the noise level in
the receiver, difficulting its integration into a practical system.
Generally, the non-deterministic throughput of the SD is the
main problem when integrating it into a complete communica-
tion system where data needs to be detected in a fixed number
of operations.

The theoretical throughput of a floating-point implementa-
tion of the SD with no ordering is plotted for comparison pur-
poses. It can be seen how the quantization process also has an
effect on the achievable throughput at high SNR. This is due
to the effect the quantization has on the SC, allowing for addi-
tional points to be considered as candidates once a solution has
been found.

The FPGA implementation with VBLAST-ZF ordering has
been compared with previous ASIC implementations of the SD
in Table 2. Although other implementations exist trying to ob-
tain a constant throughput in the SD [6, 13], their throughput
is lower while incurring in significantly higher computational
complexity and memory requirements.

The FPGA implementation achieves a similar performance
to that of ASIC 1. The system could be improved in terms of

throughput adding more SDs in parallel on the same platform
or simply using the VBLAST-MMSE ordering method. The
main difference between the two implementations is that, apart
from the preprocessing used, for each level i, the equivalent
PDU of ASIC 1 does not perform a minimum search. It directly
preselects the point closer to the ZF solution to continue the tree
search resulting in a throughput increase, even though more
points need to be searched for moderate SNRs to find the ML
solution [2].

On the other hand, ASIC 2 uses anl∞-norm approximation
for the Euclidean distance calculation resulting in a throughput
and clock frequency increase while having only a small per-
formance degradation. In addition, it uses a scheme for direct
SE enumeration of the points based on the method in [7], con-
tributing to the throughput and clock frequency increase. These
optimizations could also be integrated into our FPGA design
improving the throughput of the SD.

6 Conclusion and Future Work

An FPGA implementation of the SD using a rapid prototyping
methodology has been presented in this paper. The advantage
of the rapid prototyping methodology is the flexibility that pro-
vides to analyze in detail the hardware implementation of the
SD while running it in real-time.

It has been shown that the performance of the FPGA imple-
mentation matches that of a previously presented ASIC imple-
mentation. Although improvements exist that could be added
to the FPGA, they are based on mathematical approximations
and hardware optimizations. In order to further improve hard-
ware implementations of the SD and make its integration into
a practical system easier, we need to identify the bottlenecks of
the system from an algorithmic point of view. The two major
drawbacks of a hardware implementation of the SD are:

• The tree search of the algorithm makes its throughput
dependent on the noise level and the channel conditions.
This can greatly affect the performance of a complete
communication system where data needs to be detected
in a fixed number of operations.

• The resource use of the FPGA is suboptimal due to the
sequential nature of the algorithm. It has been shown
that the algorithm, with only some parts of the design
processing valid data at the same time, can not be fully
pipelined.

This deep understanding of the SD thanks to the prototyping
experience can be used as a means of identifying more opti-
mized algorithms that could overcome the main drawbacks of
the SD without greatly affecting its performance. We believe
that a compromise can be established between the performance
and the complexity to dramatically increase the throughput of
the SD. This last aspect is the main subject of ongoing work.
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