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The maximum power that can be obtained from a confined array of turbines in steady
or tidal flows is considered using the two-dimensional shallow-water equations and
representing the turbine farm by a uniform local increase in friction within a circle.
Analytical results supported by dimensional reasoning and numerical solutions show
that the maximum power depends on the dominant term in the momentum equation for
flows perturbed on the scale of the farm. If friction dominates in the basic flow, the
maximum power is a fraction (half for linear friction and 0.75 for quadratic friction)
of the dissipation within the circle in the undisturbed state; if the advective terms
dominate, the maximum power is a fraction of the undisturbed kinetic energy flux into
the front of the turbine farm; if the acceleration dominates, the maximum power is
similar to that for the linear frictional case, but with the friction coefficient replaced by
twice the tidal frequency.
Key words: coastal engineering, geophysical and geological flows, shallow water flows

1. Introduction
Current human power consumption is approximately 16 TW (International Energy
Agency 2011). There is considerable interest in supplying at least part of this from
sources that do not produce CO2 and/or are renewable. The solar power reaching
the surface of the Earth is approximately 105 TW, so that even a very small fraction
could supply human uses. The dissipation rate of the wind is several hundred TW,
though the exact value and, particularly, the amount that could be extracted for human
use without adverse effects is uncertain (e.g. Miller, Gans & Kleidon 2011). The
power input to steady, or low-frequency, ocean currents is no more than approximately
1 TW (Wunsch 1998), a value in reasonable agreement with estimates of dissipation by
bottom friction (Arbic et al. 2009; Müller et al. 2010). The dissipation rate of ocean
tides is only 3.5 TW (e.g. Munk & Wunsch 1998), with a fraction of this likely to be
an upper bound even if a way could be found to extract it and major changes in global
tides were acceptable (Arbic & Garrett 2009). In practice, only a very small fraction
of the global dissipation rate of either steady currents or ocean tides is likely to be
available, and so is insignificant compared with global human use, though it could be
worth exploiting in some locations.
† Email address for correspondence: cgarrett@uvic.ca
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A large tidal range in a coastal embayment may be exploited by constructing a
barrage to trap water at high tide and release it through turbines when the water
outside the headpond is low. Generation on the flood tide, with a low headpond,
and two-way generation are also possible. Alternatively, strong tidal currents may be
exploited with in-stream turbines, in much the same way as for wind power. In this
case, it is recognized that placing turbines in a tidal stream will have a back effect on
regional flow patterns. Adding more turbines in a region will increase the generated
power at first, but eventually the reduction in flow will mean that the extra power from
an additional turbine will be more than offset by the reduced power from the others.
Thus there is a maximum available power. If the strong currents are in a channel
leading into a basin with a large tidal range, a very simple model (Garrett & Cummins
2004, 2008; Blanchfield et al. 2008) suggests that the maximum power available using
a ‘fence’ of turbines occupying the whole cross-section of the channel is given by
approximately
Pmax = 0.2ρgaQ0 ,

(1.1)

where ρ is the water density, g the acceleration due to gravity, a the amplitude of
a sinusoidal tide outside the channel, and Q0 the maximum undisturbed volume flux
through the channel. This power is, in fact, comparable with the power available using
a barrage, and the fence is effectively acting as such. Using a partial fence, occupying
only part of the channel cross-section, and using a small number of turbines, is,
of course, an option for producing limited amounts of power. It is, however, worth
remarking that even a current of 3 m s−1 is equivalent to a head of only 0.5 m, much
less than the head that could typically be exploited with a barrage, or three-sided
impoundment, enclosing the headpond. Nonetheless, a number of tidal stream projects
are being considered.
Strong tidal currents may also be exploited in channels connecting two large
ocean regions. If the tidal range in these two regions is assumed unaffected by
the deployment of turbines in the connecting channel, Garrett & Cummins (2005)
have shown that (1.1) also applies approximately, with a now being the amplitude
of the sinusoidal tidal elevation difference between the two basins. The numerical
coefficient varies slightly depending on the importance of acceleration compared with
the combination of friction in the channel and the effect of flow separation at the
channel exit. Garrett & Cummins (2007) considered the effect of a single turbine in
a channel, as opposed to a complete tidal fence and they, Garrett & Cummins (2008)
and Vennell (2010) discuss the incorporation of the single turbine results into channel
models.
There is more to be done in evaluating the use of turbines in channels with strong
currents, particularly in addressing more complicated flow configurations (Atwater &
Lawrence 2010; Cummins 2013) and three-dimensional aspects of the flow (e.g. Yang,
Wang & Copping 2012). Nevertheless, the basic results described above and in the
papers referenced could provide a useful framework. On the other hand, there is also
interest in exploiting regions of strong currents that are not confined to channels.
Examples include flow past headlands, where the flow is bounded on one side only,
and flows that are effectively unbounded. As an example of the latter, Shapiro (2011)
considered the power available from, and the impact of, a circular array of turbines
in a region of strong currents in the Celtic Sea north of Cornwall. Using a threedimensional ocean circulation model and simulating the effect of turbines by an extra
drag over the whole water column, he found that, not surprisingly, the presence of
turbines leads to a reduction in the current speed in the region of the turbine farm, so
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that, as for a channel, the extracted power increases more slowly than linearly with the
number of turbines. However, the maximum power that could be obtained before the
power falls off again was not established.
While Shapiro’s study was for a specific case, it would of interest to know whether
there are any generic results that, even if from an idealized model, can provide
insight and guidance. The purpose of the present paper is to explore a very simple
model and show that, through a combination of simple analytical results, dimensional
reasoning, and numerical solutions, it is indeed possible to reach some valuable
general conclusions for the power potential of unbounded steady or tidal currents.
2. The model
We consider flow in water over a flat sea floor. The dynamical balance in the
so-called and commonly used ‘shallow-water equations’ is

Cd
∂u
+ f × u + u · ∇u + g∇ζ = −
|u|u,
∂t
h+ζ

(2.1)

where u is the depth-averaged current, f is the Coriolis frequency f times the unit
vertical vector, h is the mean water depth, ζ is the departure of the free surface from
flat, and Cd is the coefficient associated with quadratic bottom friction. Using u in
the inertial term u · ∇u assumes that the current is independent of depth. We ignore
departures from this.
If the scale of the region of interest is much less than a tidal wavelength, we
may locally employ the ‘rigid lid’ approximation in which the variations in ζ are
small enough that ζ may be neglected compared with h in (2.1) and in the continuity
equation, which becomes simply ∇ · u = 0 for constant h. The Coriolis term then has
no dynamical effect as it vanishes from the vorticity equation derived from the curl
of (2.1). Flow non-divergence also allows the introduction of a streamfunction ψ with
u = (−∂ψ/∂y, ∂ψ/∂x).
We consider adding turbines within a confined region to extract power. This
increases at first as more turbines are added, but their presence leads to the flow
avoiding that region, reducing the current there and ultimately the power. The problem
is to decide whether there is any simple result for the maximum power that can be
extracted. Here we take the region of the turbine farm to be a circle of radius R, and
assume that the turbines can be represented by a spatially uniform increase in the
drag coefficient within that circle. We further start by linearizing the bottom friction,
representing it by cu. The vorticity equation is then
∂∇ 2 ψ
+ J(ψ, ∇ 2 ψ) = −c∇ 2 ψ − ∇c · ∇ψ,
(2.2)
∂t
where J is the Jacobian, showing that vorticity is only generated by the gradient in
friction coefficient c at the edge of the turbine array.
3. Steady flow
We first consider a situation in which the acceleration, using this term for just ∂u/∂t,
and the inertial term u · ∇u in (2.1) may be neglected (and check on the conditions
later). The vorticity equation then simply implies that the streamfunction ψ satisfies
Laplace’s equation, ∇ 2 ψ = 0, in regions of constant c.
Now suppose that c = c0 everywhere except within a circle of radius R where c
takes a new constant value c0 + ct , representing the basic friction c0 plus a coefficient
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ct associated with turbines. Consider a far-field current u0 in the x-direction, with
corresponding ψ = −u0 r sin θ in polar coordinates (r, θ), with r = 0 at the centre of
the circle, θ = 0 along the direction of the incident flow, and velocity components
(−r−1 ∂ψ/∂θ, ∂ψ/∂r).
The matching conditions at r = R are just continuity of ψ and ζ , leading simply to
the solutions
ψ = −u0 r sin θ −
and
ψ =−

ct
R2
u0 sin θ
ct + 2c0 r

2c0
u0 r sin θ
ct + 2c0

for r > R

for r 6 R.

(3.1)

(3.2)

The flow inside the circle with turbines is just in the x-direction with constant speed
2c0 u0 /(ct + 2c0 ). The dissipation D associated with the turbines is just the integral,
over the fluid inside the circle, of the turbine drag (ct times the speed) multiplied by
the speed. It is given by
D = ρhπR2 ct

4c20 u20
,
(ct + 2c0 )2

(3.3)

where h is the depth and ρ is the density of water. The maximum value of D is
obtained when ct = 2c0 , i.e. when the extra drag coefficient due to the turbines is just
twice that of the background bottom roughness, and is given by
Dfric = 21 ρhπR2 c0 u20 .

(3.4)

Dmax = ρhR2 c0 u20 F(ξ ),

(3.5)

Diner ∝ ρhRu30 ,

(3.6)

This is non-zero only in the presence of friction in the basic flow and is just half of
the natural dissipation in the circle. The current speed inside the circle at maximum
power is u0 /2.
The neglect of u · ∇u in (2.1) can be checked with the solution from (3.1) and
requires that the parameter ξ ≡ u0 /(c0 R) be small. This is the only dimensionless
parameter in the problem for steady flow, so the maximum dissipation in the full
problem may be written as

where F(ξ ) is a function that is unknown except that it tends to π/2 as ξ → 0.
The parameter ξ becomes very large for finite u0 and R when c0 becomes very small.
In that inertial limit, we might expect the maximum power from the turbines to be
independent of the actual value of c0 . This requires that F(ξ ) is linearly proportional
to ξ as ξ → ∞ so that the maximum power becomes
which is just the kinetic energy flux into the frontal area 2hR of the array. This
is, again, dimensionally inevitable, but determining the constant of proportionality
requires numerical solution of (2.2). We might expect the multiplier to be less than
unity and of the same order as the Lanchester–Betz limit of 0.59.
With the maximum power being Dfric for small values of u0 /(c0 R) and proportional
to u0 /(c0 R) times Dfric , hence Diner , for large values of u0 /(c0 R), we can thus argue
that the maximum power achievable is a factor, less than 1, times the greater of the

638

C. Garrett and P. Cummins

natural dissipation in the area of the turbine array and the energy flux incident on the
front of the array (or possibly the sum of the two if they are comparable).
As will be discussed later, this conclusion is also likely to hold for quadratic, rather
than linear, friction and resistance from the turbines. With quadratic drag represented
as Cd u|u|/h the dimensionless parameter entering the problem is h/(Cd R), independent
of u0 .
3.1. Numerical solution
The vorticity equation (2.2), augmented with a biharmonic friction term, was solved
numerically to determine the function F in (3.5). Inclusion of the high-order friction
prevents the accumulation of vorticity variance at the grid scale, while the resolved
scales of motion remain essentially unaffected. The numerical code is a modified
version of that used by Cummins & Holloway (2010), configured for an inflow/outflow
channel. In the basic configuration, the numerical grid has 1025 grid points in both
the along-stream and cross-stream directions, with uniform grid resolution. The turbine
farm is positioned at mid-point across the channel and one third of the channel length
from the inflow port. It is represented as a localized patch of enhanced frictional drag
over an approximately circular region within the Cartesian grid such that there are
nominally 100 grid intervals across the width of the farm. The lateral dimensions
of the channel in the basic configuration are thus 20.5 times the radius of the
turbine farm. The influence of the channel width on the power was assessed in a
set of sensitivity experiments in which the dimensions of the computational grid were
doubled.
Given a value for the nonlinearity parameter, ξ , the maximum power dissipated
in the turbine farm was determined in a series of simulations in which the turbine
drag was varied. In each case, the basic flow is switched on instantaneously and the
model allowed to reach equilibrium. Results from a linearized version of the model
were verified to be in close agreement with analytical solutions (figure available as
online supplementary material at journals.cambridge.org/flm). In particular, F(0) from
the numerical solution was within 2 % of the analytical value of π/2 in both the
basic configuration and with a wide channel. The source of the small discrepancy is
probably the approximate representation of the circular turbine farm in the Cartesian
grid.
Figure 1 shows F(ξ ) for linear friction, based on simulations with the basic
numerical grid; experiments with a larger computational domain show that there is
little sensitivity to the channel width. At values of ξ & 15, the flow at maximum
power is significantly diverted and resembles that past a solid circular cylinder at
large Reynolds number with vortex shedding in the wake (figure 2). This variability
is associated with lateral oscillations in the wake and relatively small fluctuations in
the power dissipated in the turbine farm. In effect, the oscillatory transverse forces
that would be exerted for flow past a solid cylinder are now partially present and
drive fluctuating flows into the farm. The relative proximity of the lateral boundaries
with the basic grid partially suppresses this variability in the power. The issue of time
variability is not pursued further here since, as suggested below, realistic values of ξ
are typically not large.
As expected, figure 1 shows that F(ξ ) becomes linearly proportional to ξ for large
ξ up to approximately 20, but is actually very well represented by 1.6 + 0.70ξ . The
constant of proportionality, 0.70, is, perhaps surprisingly, larger than the 0.59 of the
Lanchester–Betz limit. We attribute this result to the different geometry of the present
problem, with a circular array of turbines rather than a single turbine represented by a
line perpendicular to the incident flow.

639

Maximum power from a turbine farm
15

10

5

5

0

10

15

20

F IGURE 1. The function F(ξ ) in (3.5), computed for the marked values of ξ .
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F IGURE 2. Instantaneous vorticity field (a), and streamlines (b), in the wake in conditions
of maximum extracted power with ξ = 20. For the vorticity, the background grey scale
indicates zero vorticity, with lighter and darker shades indicating negative and positive
vorticity, respectively. The x and y axes are distances scaled with R.

A reasonably accurate conclusion for steady flows is that the maximum power may
be taken as the sum of the limits Dfric from (3.4) and the inertial limit Diner of
Diner = 0.7ρhRu30 .

(3.7)

The downstream flow in the wake at maximum extracted power is shown in figure 3.
It has a minimum value of 0.33u0 , equal to the value of u0 /3 expected for a single
turbine even in a channel (Garrett & Cummins 2007), though the flow does not have
the top-hat profile of the solution for a single turbine.
4. Tidal forcing
In the case of tidal currents we should also allow for the term ∂u/∂t in (2.1). We
assume that the basic current is Re [u0 exp(−iωt)] in the x-direction. Neglecting the
inertial term u · ∇u in (2.1) and assuming linear friction, the problem is linear with
a solution for the current that may be written as Re [u exp(−iωt)]. The problem is
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F IGURE 3. Instantaneous x-component of the velocity, scaled with u0 , in the wake at 2.5R
downstream of the farm centre and in conditions of maximum extracted power with ξ = 20.
The ordinate y is the lateral distance scaled with R.

now just as in our first example, but with the friction coefficient c replaced by c − iω.
Hence the current inside the circle with increased friction is just in the x-direction as
before, but with amplitude and phase given by 2(c0 − iω)u0 /(ct + 2c0 − 2iω). As ct > 0,
the current has an increased phase lag as well as reduced amplitude. The dissipation D
associated with the turbines, averaged over the tidal cycle, is now
1
4(c20 + ω2 )u20
.
D = ρhπR2 ct
2
(ct + 2c0 )2 +4ω2

(4.1)
1/2

The maximum turbine dissipation occurs when ct = 2 (c20 + ω2 )

and is given by

1
(1 + η2 )
Dtide = ρhπR2 c0 u20
,
2
(1 + η2 )1/2 +1

(4.2)

Daccn = 21 ρhπR2 ωu20 .

(4.3)

where η = ω/c0 . This formula for Dtide reduces to (3.4) in the limit of ω = 0 but with
an extra factor 1/2 as u0 is now the amplitude of a sinusoidal current rather than of a
steady current. For fixed c0 , the dissipation increases as ω increases, tending to a limit,
as η → ∞, of
This is the dissipation from a friction coefficient 2ω and a sinusoidal current with
amplitude 2−1/2 u0 . The form of the result could perhaps have been predicted by
assuming that (3.4) is modified by a function of ω/c0 , with the dependence on c0
disappearing for large ω/c0 . The power Daccn may be regarded as the maximum
undisturbed mass flux 2ρhRu0 through the frontal area of the turbine region, times
the maximum undisturbed head drop 2Rωu0 over the longitudinal extent of the turbine
region, times a multiplier π/8. The result is reminiscent of the similar result for a
channel discussed earlier.
It is interesting that the function
1/2

G(η) ≡ (1 + η2 )/[(1 + η2 )

+1]

(4.4)

in (4.2) is approximately 1/2 + 3η2 /8 for small η and η − 1 for large η, and so is less
than the sum 1/2 + η of the limits as η → 0 and ∞. Thus the maximum power is
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rather less than the sum of its limiting values, unlike the steady problem with friction
and inertia.
The parameter η is just the ratio of acceleration to friction terms in the momentum
equation. Similarly, the parameter u0 /(ωR) is the scale ratio of the inertial to
acceleration terms in the momentum equation; if it is much less than 1, then (4.3)
applies rather than (3.7), whereas (3.7) presumably applies if u0 /(ωR)  1 (assuming
in both cases that ω  c0 so that friction is unimportant in the basic state).
We may thus summarize all our results so far according to whether the acceleration,
inertial, or frictional terms dominate the dynamical balance in a perturbation, of the
basic state, with horizontal scale R. The maximum power may be taken as Daccn from
(4.3) if the acceleration dominates, Diner from (3.7) if the inertial term dominates, and
Dfric from (3.4) if friction dominates (though remembering that this latter result is for
linear friction; in the case of quadratic friction we have argued that the maximum
extractable power is still related to the natural friction).
For intermediate cases, we have full solutions for: (a) a combination of friction
and inertia; and (b) a combination of friction and time-dependence. To complete
the analysis we consider the combination of all three effects, particularly inertia and
time-dependence.
4.1. Numerical solution
The two non-dimensional parameters defining the problem are ξ = u0 /(c0 R) and
η = ω/c0 . A third parameter, u0 /(ωR), which is the ratio of the inertial term to
the acceleration term in a perturbation of the basic state, is just ξ/η. For oscillatory
flow, the along-channel length of the numerical grid was doubled and the turbine farm
placed in the middle of the channel longitudinally. Numerical solutions were obtained
with parameter values chosen such that the tidal excursion, 2(ξ/η)R, is less than the
channel length.
We have determined the maximum power, scaled with ρhR2 c0 u20 , as a function
of ξ for various values of η, as shown in figure 4. For η = 0 we have plotted
0.8 + 0.30ξ , which represents the steady flow approximation 1.6 + 0.70ξ but, to allow
for sinusoidal flow, with the constant value scaled with the average 1/2 of cos2 (ωt)
and the coefficient of ξ multiplied by the average 4/(3π) = 0.42 of cos3 (ωt).
The dashed lines of figure 4 show what the maximum power would be if it were
just the sum of Dtide from (4.2) plus 0.30ξ representing Diner , though it can be more
than this sum. This result differs from the results for combinations of inertia and
friction or acceleration and friction. In all cases the maximum power does eventually
asymptote to have a slope of 0.30 with ξ , though large values of ξ and η are unlikely
to occur in practical situations.
5. Quadratic friction
The above analysis is for linear friction as this allows analytical solutions when
friction or acceleration dominate, i.e. for small values of ξ , and also allows a check
on the accuracy of the numerical solutions for small ξ . For the limit ξ → 0 and
η = 0 (steady flow), we have obtained the numerical solution for quadratic friction
by taking c in (2.2) proportional to the current speed. We find that the maximum
power is now 0.75, rather than 0.5, times the dissipation in the natural regime. The
increase is comparable with the 60 % increase found for a frictionally dominated tidal
channel (Cummins 2013). The difference will be less for large values of ξ or η as the
background friction is then unimportant. Moreover, Shapiro (2011) argued that linear
friction is a reasonable representation of actual turbines.
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F IGURE 4. The maximum extracted power, scaled with ρhR2 c0 u20 , as a function of ξ for
η = 2.5, 5, 10 (lines joining solid dots). The dashed lines originate at the corresponding value
of (1/2)πG(η), with G(η) from (4.4), and have a slope of 0.30. The dotted straight line is
0.8 + 0.30ξ .

6. Application
The power potential will tend to Diner for small arrays, to Dfric for large arrays in
shallow water (both averaged over the tidal cycle) and to Daccn for large arrays in
deep water. In general, a reasonable estimate of the maximum available power may be
obtained from figure 4, taking the linear friction coefficient c0 as (8/3π)Cd u0 /h (e.g.
Inoue & Garrett 2007), where Cd is the quadratic friction coefficient, typically 2×10−3 .
For ξ less than 5 or so, a good approximation for the power potential is Dtide from
(4.2) plus 0.3ρhRu30 .
As an example, we take a tidal frequency ω of 1.4 × 10−4 s−1 , as for the lunar
semidiurnal tide M2 , a current amplitude u0 of 1 m s−1 , a water depth h of 20 m,
and turbines within an area of radius R = 5 km. Then c0 = 0.85 × 10−4 s−1 so that
ξ = u0 /(c0 R) = 2.4 and η = ω/c0 = 1.6. Inertia and, particularly, acceleration are
important, but no term is dominant. The maximum available power is approximately
120 MW, though part of this will be lost in merging of the wake and free stream
behind individual turbines and there will be further losses associated with the drag on
supporting structures and internal turbine inefficiencies.
7. Conclusions
Our main conclusion can be summarized by considering the power available from
a turbine farm as its size is increased. When it is small, in the sense that the
parameters u0 /(c0 R) (or h/(Cd R)) and u0 /(ωR) are both large, then the maximum
power is some fraction of the energy flux incident on the frontal cross-section of the
array. Increasing the size of the farm, with other parameters fixed, does not increase
the potential until the farm is large enough that the maximum power is given by some
fraction of the dissipation in the undisturbed state (with allowance for the influence of
acceleration in the case of tidal, rather than steady, currents). Only then, in a sense,
will adding extra rows of turbines have been beneficial.
As mentioned above, the actual power available will be less than the power
determined in the idealized problems considered here. Moreover, further work will
be required to flesh out the estimates of this paper and to investigate factors such

Maximum power from a turbine farm

643

as different distributions within the turbine farm, three-dimensionality and other realworld conditions. One interesting consequence of three-dimensionality will be that, if
the turbines are at a particular depth, rather than distributed uniformly over the whole
water column as assumed here, the drag they cause will lead to Ekman dynamics with
induced flows across the main stream.
In this paper we have assumed that the upstream flow is unaffected by the presence
of the turbine farm. In practice, the farm may have a broader regional impact and this
will need to be allowed for by embedding the farm in a model of adequate scale.
Supplementary materials
Supplementary materials are available at journals.cambridge.org/flm.
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