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This is a rather ingenious program which acceptgons input in the a Mercury Autocode like
format, solves them and tabulates the solution.

A scan of the typed write-up follows. | also hawny's original hand written version.



MERCURY LIBRARY SPECIFICATION RALLO 4

IIT A progran for the automatic solution of ordinary difforentisl
oquations,
SUMMARY This progran is a complete inmput routine which accopts other

prograns describing the differcntial equations, the initial
conditions, and the output required, Thesc itons of information
aro writton in a languago sinilar to that of Mercury Autocode,

The equations, which may be of any order up to 25, are solved
by tho nethod of power sories, The number of oguations depends
upon the number of terns in cach sories,

The programs are short, and casy to proparc, and tho sorics
nethod of solution is nost efficicnt,

Mlthough this progran uses the sanc basic nothod as prograns
R4440,1 and RALL0.3, several now facilitics and a nore convenient
notation have been introduced.

CODING CONVENTTIONS

1, Tho Equations

The Iwependesvariable is x and the othor variables are
denocted by yl, ¥2, ... The constants #, k1, k2, ,,. k25 nay also
be used, There are also the progran paranctors pl, ... p5.

4 variable yi nay be defined by nmeans of a differential
equation of order I, with the highest derivat?*. on the left hand
side, e.g.

y1''"' =yl yl =2 y1 y1'' =1 _ (1)

In this case I initial conditions must be set, viz, yl, yl',
and y1'', and the series solution tokes the forms
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i,c, a further s+l torms of the sorises are calculated. The nunber
s is norpally set to 15, but nay be reset.

In o differential cquation tho right hand side nust be a sun
of torns. Bach tern is a constant, or a constant multiple of
cither one, or two, variables. x is considered to be a variablo,
Burmerieal coefficicnts are written in fixed point forn, e.z.

V' =S4Tyl 2 -39kl k2 K3 x+3,7y2 -3 vAvh+w  (2)
The variables yi may also bo used as auxiliary variablos and in
this casc may be defined cither by an equation of the samo forn as
equetion (2) e.g.
yl=y2 +y3' yh+ 1
or as an ¢lonontary function of another variable, The functions

roeiprocal, cxponential, logarithn, squarc root, sinc and cosino aro
available, Q..

vl =cxp ( -4kl x ) (3)



3.

The argunent may only be a constant multiple of a
variable,

The function division is also available and in this casc two
argunents arc required:

yl = divide ( k1 y2, 6y3 ).

In the casc of sine and cosinc both functions are calculated
togother,  Consequently the convention is introduced that

y2 =sin ( y1 ) implies y3 = cos (yl)
and ¥y2 = cos (TT x) dinplies yl = sin (7 x).

The words reeiprocal, divide, exp, log and cosinc nay be
abbreviated to the first letter, sqrt and sinc to the first two
letters. The funetion words may be preceded by a ¥ as in
Autocode,

The total number of variables yl - yN nust be such that

(s +1) (N+1)+FIs4 416 (4)
where:EIi is the sun of the orders of the differential equations,

Equations noy bo of any length but are terninated by C.R. It
is unlikely that the cquations will be too lengthy to f£it in the

rniachine,

Lach variable yi nust be defined by nmeans of a single cguation,
It is not possible to writc for exanple

y1 = sin (x)
y1' = 3y1.

Output
The value of any variable, any derivative of a varicble, or any

constant nny be printed in fixed or floating point forn =t ench
tabulation point., Thus

print

x=1, 2 yL=17
would print x fixed point, with sne figure before the decinal point
and two figures after, and yl floating point to seven significant
figures. The layout of the output is the sane as that of the print

instructions.

Print instructions may also be enclosed in brackets, the
significance of this is explained holow,

Initial Conditions

4 nurber of tabulation points, at which results are to be
printed, rnust be specified, (The tabulation interval does not
nocossarily correspond to the integration "steph).

Two conventions are used. Firstly

}C:ﬂ.(b)c (d)C ssn

neans that results are to be punched at x = a, atb, a+2b, ,.,
¢y e¥d, . @, .,.q and secondly



X = &/b/c/d/c T

noans that results arc to be punched at x = 2, bye,d;e, ...
The two forms can be used togothor. < [

x = 0,1375/¢,2 (0,1} 1 (1) 10 (5)

This would be useful when the initial conditiosns were known at
a non-tabular point and the solution was particularly intercsting
for x £ 1.

A range of valuss such as (5) may nlso be specificd for ecch
condition., The numbers in the initial econditiosns may be punched
in cither fixed or floating point form and are terminated by (,)
or / within a range of values and by C.R, L,F, or SP, SP, at the
cnd of o rango, e.g.

y1 = 100 (100) Lo 3 yl' =1 (1) 10
= 1/9
(k1) (y1, y1')

This neans that the equations are first to be solved with

FA=100, y1'=1 and k1l =1
then with y1 =100 yl' =1 and k1 = 3
then with y1 =200 yl' =2 and kl =1 octe,

The direetive (k1) (yl, yl') terninates the initial conditions
and incicates how, and in what order, the values are to be chanred,
hon two variables are bracketed together e,g.

(¥1, y1')
they rust assune the sanme nunber of values,

When print instructions arc cneloged in brackets e,g.

(y1 = 4) (y1' = 4)

they are only obeyed when one of the items to be printed has been
chonged i,e, ot the head of a sct of results, Vhereas an ordinary
instruction merely canses a nunber to be printed, o bracketed
ingtruction causcs an equation to be printed. «,:,

¥yl =12,00C, +2 ¥1' = 2,00¢, + 0Q,
Conzcguently this freility is useful for heading sets of results,

PROPARATION OF .. COMELETE PROGRAM

m

The woy in which the various parts of the progran are fitted
together is best illustroted by neans of an exomples

Write n progran to integratc y'' = k cos (37x) sin (Ty).
P

uations
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(y1=1, 1) (y1* =1, 1)
x=1,1 yl=6 yl' =6

range
x=0(1) 6

yl=0 (0.2) 1 yi' =0 (0,2)1
kl = 10

(¥1) (y21')



NOTES

T The words title, equation, print and ronge may be abbreviated,

only the first letter being relevant,

2, The title may be omitted, It is terninated by two figure shifts.

3. The dircetive s = 30 fixes the naxinun nunber of terns of the

series that can be calculated, ‘hen there are less than about 20 eguations
this can be onitted e¢.f, relation (4).

b The directive yl = 2 is 2 sgtatenent of the srder of the differontial
cquation,
5 These ranges of values for the initial econditions would produce 36

sats of resulte.

MACHINE OPERATTICHN

1. Reading in the progran
_€3 The progran 1s o binary one and occcupies $2 and S)28 - 229, Tt
should be road into the machine with key 2 up and will cone t5 a hoot

stop at the end, (n.b, sector 2 nust be de-isolated).

L "programM is read by setting H.% = 0 and pressing I,T.,B, The
neching, after interpreting the equations, procceds with the caleulation,
counting the tevms of the series in B4, .t the end of the calculatisn
the nachine hoots. L new sot of initial conditions BuBa

Tange
x=0(1)2

yl=4 yl1' =1 k1l =10
(k1)

nay be read by setting key O and pressing I.T.B. The direcetive (k1)
is a dunmy but rwust be included to terninnte the tape.,

2. Faults

aults encountered while reading thc tape or whilc calculating
the series cause the nachine to host, a fault numbor being displayed
in B7.

« list of the fanlts which are recognised is given at the end of
the speeifiecation. Those norked by an asterisk are discovercd during
the calculation, the sthers during input,

In the casc of fault 32 the ine-rrect instruction is punched out
ag far as the spurisus character,

T Restart Facilities
The calculetion may not be conpleted for o nunber of reasons,

1, 4 parity feilure, i.e, the nachine has nade a nistake. It is
usually possible to ro-intesrate the cquations with the sane set of
initial conditions by sctting key & and pressing I.T.B,

2, & fault which is encountered during the caleulatisn, 411 that
can be done in this event is to sot key 7 and press I,T.B., the
print instructions will then be scbeyed onee,

i Provision has becn nmade for a caleulation to be braken off and
continued later, If key 3 is sct and I,T.B, pressed then a binary’
restart tape is punched out,

This nay be used ag followss
1, Put the original progran in the tape reader.

2. ©Set H.8. = 0 and press I,I.B,
3. Put koy 2 up imncdiately.
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4e The machine will now hoot when it
has read the tape.
B Insert the restart tope in the reader.
6. Press I,T.B. (with key 2 still up).
The calculation will now be resuncd.

7. Put key 2 down bofore rcading another
prograim,

This tochnique of using key 2 to stop the machine aftor it has
r21§ ?he progran tape may nlso bo used prior to rcading in o new sob
of initial conditions,

METHOD CF INTEGRATICN

When the initial econditions have been sot, standard rccurrence
rclations arc uscd to caleulate more torms of the power sories.
TFor o varisble defined by an cquation of order I o soriocs is
calculated of the forn

8o+ Al X ..oy X TL 4 o vaax e
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I initial conditions

A practical radius of convergence is now deternined, i,0. a
nunber R for which

g+ I s+ I
n=sZ+1-k l&an{k‘i pl(ln_—:o Ean' IPB)
and
s+ I s+ I
5 lea™] ¢ 5 an®| )
n=a0 n+==2a

The second incquality censurcs that destructive cancellation
1

dous nob render the sum uscloss. If k = o the first inequality
oxpresses the fact that the last I torms of the scrics do not
significantly affoct the sum of the sorics,

Theso two conditisns arc nornally sufficicnt, However it is
poseible for a scrics to contain blocks of =zoro torns.

< 3

1

C.g. g1

hes a sorics cxpanded about x

¥
o of tho forn

Lo

&O+31X+O-X2+O.X +C.KA+@_5X5+&6X6+DuX7+.‘.
Although it is sufficient to oxanine the contribubtion to the sun

fron I terns, thoy ars not nceossarily the last I terms, If k ds

the numbcr of zoro terms in cach block; i,o, 3 in this caso, and the

sur of the last Xk+ I torms is caleulated, the non-zero terms arc

surc to bo included,

This "gap" may not remain constant along the scrics, but it does
, Ancrense, Consequently as k is deternined ot tho beginning of
; sorics the inequality will curtainly be strong enough.
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The constant p3 scrves to nake the conditione rosscnable when the
function passes throuch a zero,

Hormnlly the constants pl, p2, and p3 are autonotically set o
107/, 10 =and 1 respectively. higy may however be tronted as initial
eonditions end reset to differunt voluocs

Gals range
pl=1, -5
pR = 1C00

x =0 (1) 1¢C ate,



This would nake the integration process luss accurate but would
produce results in less time,

When the practical radius of convergonce has beon found the
series are nnalytically continuced and cxpanded cbout the new base,

In this nmanner each tabulation point is roached,

OPTTMIS.TICH OF NUMBER OF TEDRMS

At cach analytic continuation thc quantity

T = D2+ pin+ ph
r(n)

is enolenlated for n = g and n = s - 1, whore s is tho nunber of
terms in the sories ond r is the radius »f eonvergenee, The
expression

n2+p4n+p5

is proportional to the time taken to caleulate a serics of n terms,
Consecguently, if a range R hos to be traversoed, the tinc taken will
bc proportional to T.

If it is found that T (s - 1) < T (s) then s is roplaced by
- 1. Ctherwise s is replneed by s + 1, subject to an upper

v adjusting the nunber of tcrms in this way tho integration
is kept to o mininun.

The eonstants P and Ps arc nornally set to 4 and 50 respectively
but may be resct.

SECTCR 2

RALLC, A is rond into the machino tho contonts of S2 are

d to 864 and nay be replaced lator by setting key 4 and
7.3, Thus, although S2 1s used; nelther Pig 2 nor

4 - ®
¥ autocode need bo ovorwritien,

FAULT WUMBLIS 1D USL OF H.NDSUITOHLS

L uscr faniliar with conventional coding will notice the
ginilerity betwecn foult nunbers and the fault/error nunbers
produced by Fig 2, and also in the usc of tho I.7,B. and the
handswitches whose funetions cre sumnarised below,

H.,S. = o rcad o now progran (start clear)

Key O up read new initial conditions, If key © is already up
when tho end of 2 calculation is reachod o new set of
initiz]l conditions will be read autonaticnlly (start
no clear)

Koy 2 © read R4440.4 and binary rcestart tope (tcleinput)

Key 3 U purich binary restart tape (tcleoutput)

Koy 4 ™ restore original S2 (recscuc)

Key 7 " causes the print instructions tz be obeyed once, If
key 7 is up during the caleulation the print aqpe

[ ingtructions are sheyod ecch tine the series 3g ealculated,

(pcst—mﬁrtem long numbors )
Key 8 © re-integrates the cguation (rostart)



F,ULT NUMGER

B g
2
aen 2
4
5
6
7
e
Sse
10
ol
3 1
15
32

HATULE OF FAULT

Division by zoro,

Too nony instructisns (i.¢. the cquations
are too long).

Spuricue character, not in equatisng,

Exponoutial of ton large o nunber,

Dircetives yn = n not in srder,

Tso many voriables.,

& directive written ofter y dircetive.,

Rodius of convergence - o,

Coofficicnt in sordics too largse,

Initiecl condition onitted,

Squarc root of negative nunmbor,

Logarithn of noegative number,

Directive not set, or ineorrcetly sst,

Spurious cheracter or incorreet forn of
ocquatizn,

encounterced during the calculation,

i4 Gibbons, Manchester Univorsity,

Fobruary 1961,



